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Generalized atom-bond connectivity analysis of several chemical molecular graphs
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Lots of drug tests show strong inner relationships between the bio-medical and pharmacological characteristics of
the drugs and their molecular structures. Due to the effectiveness for pharmaceutical and medical scientists of their
ability to grasp the biological and chemical characteristics of new drugs, the generalized atom-bond connectivity
index was defined to analyze the drug molecular structures. The analysis should find widespread application pro-
spects in developing countries, especially in poor places without the adequate financial ability and affordability of
much needed chemical reagents and equipment. In this paper, based on the drug molecular structure analysis and
driving edge technology, we propose the generalized atom-bond connectivity index of several popular chemical

structures which is quite common in drug molecular graphs.
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INTRODUCTION

A wide range of new drugs emerge each year
with the rapid development of the manufacture of
medicines. Therefore, lots of work is needed to
determine the pharmacological, chemical and bio-
logical characteristics of these new drugs. The
relevant reagent equipment and lab assistants are
in demand in order to test the performance and
side effects of these new drugs. However, in some
poor areas (such as the countries in South America,
Africa and Southeast Asia), they are not rich
enough to afford the reagents and equipment nec-
essary to assess the biochemical properties. Luck-
ily, we can refer to the contributions of relevant
previous studies, for example, the chemical and
pharmacodynamics characteristics of the drugs
and their molecular structures as these are closely
linked. Once the indicators of these drug molecu-
lar structures are calculated in view of defining
their topological indices, these can be used to un-
derstand their medical properties and help to repair
and make up for all the defects of the medicine
following the chemical experiments. From this
point of view, we can appreciate the effectiveness
of the methods on the topological index of com-
putation especially for developing countries,
where the available biological and medical infor-
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mation about new drugs may be easily obtained
without the need to carry out chemical experi-
ments and purchase expensive hardware.
Traditionally, we look upon the structure of a
drug as an undirected graph in the mathematical
model of a given medicine. Each vertex represents
an atom in the graph and the chemical bond be-
tween these atoms is represented by each edge. We
consider G as a simple graph corresponding to a
drug structure with an atom (vertex) set asV (G)

and a chemical bond (edge) set as E(G). A topo-

logical index defined on the molecule structure G
can be regarded as a real-valued function f:
G —R" which maps each drug molecular structure
to certain real numbers. Decades ago, scientists
introduced significant indices, including the Wie-
ner index, the Pl index, the Zagreb index and the
eccentric index, to measure the characters of the
drug molecules. Some reports help to determine
these topological indices of special molecular
graphs in chemical, nanomaterials and pharmaceu-
tical engineering (See Yan et al. [1], Gao et al.
[2-3], Gao and Farahani [4-5], Gao and Shi [6],
and Gao and Wang [7-10] for more detail). The
referred notations and terminologies without clear
explanations can be found in Bondy and Mutry
[11].

Furtula et al. [12] defined the generalized ver-
sion of the atom-bond connectivity index which
was defined as:
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d(u)+d(v)—2
I T TN d(u)d(v) Tawiw )

where 4 < 0. Clearly, taking A= —% , it becomes

ABC,(G) =

uveE(G)

the atom-bond connectivity index defined by Es-
trada et al. [13]. Also, Furtula et al. [12] intro-
duced the augmented Zagreb index which was
denoted as:
AZI(G) = Z (M)S_
uveE(G) d(U)+d(V)—2

Obviously, the augmented Zagreb index is a
special case of the generalized atom-bond con-
nectivity index when A=3.

Despite the contributions to the distance-based
indices and degree-based molecular structures, the
researches of the generalized atom-bond connec-
tivity index for certain special drug structures still
await further studies. As a consequence, the re-
search on the generalized atom-bond connectivity
index of the drug molecular structure from a
mathematical point of view are becoming more
and more heated with the years with more and
more academic and industrial interest drawn from
a variety of fields.

Respectively, we designate §(G) and
A(G) to be the minimum and maximum degrees
of G. The edge set E(G) can be categorized into
different parts: for any i and j, &(G) <i,j< A(G),
let E; = {e=uve E(G)| d(v)=i, d(u)=j} and
n; =‘Eij‘.

In this paper, we obtain the generalized
atom-bond connectivity index of several important

chemical structures with a high frequency in drug
structures.

MAIN RESULTS

The generalized atom-bond connectivity index of
graphene G(m,n)

Graphene, a two-dimensional material, is a
planar sheet of carbon atoms. It is usually densely
packed in a honeycomb crystal lattice and also the
main element of certain carbon allotropes includ-
ing charcoal, fullerenes and graphite, please refer
to Figure 1.

Theorem 1. Let G(m,n)be a graphene sheet
with n rows and m columns. We obtain:

ABC,(G(m,n)) =

(4m+3n)(%)"+({ —‘(5m+1)+{ J(m+3))( )t n=1(mod2) .

(4m+3n)(%)"+({ -}(5m+1)+[ J(m+3)+2m 1)() ,n=0(mod 2)

Proof. Based on the structure analysis, we

obtain:
|E(G(m,n))| =

[21 (5m+1) +EJ (m+3),

B} Gm+1)+ EJ (m+3)+2m—-1,n=0(mod2)

n=1(mod2)

After further calculation, we get n,,=n+4,
N,=4m+2n-4, and
= |E(G(m,n))|—4m-3n.

As a result, according to the definition of the
generalized atom-bond connectivity index, we ob-
tain the expected result.

n

Fig. 1. 2-Dimensional graph of a graphene sheet

Generalized atom-bond connectivity index of
three family of dendrimer stars

In this section, three famous infinite classes
NS,[n] , NS,[n] and NS,[n] of dendrimer

stars are defined and they are common in the
drug structures.

Theorem 2. Let n be the number of steps of
growth in this type of dendrimer stars. We indicate
ABC, (NS,[n]) = (27.2" 79)(%)*"

2., 5.,
+ = —A 3 0 _/Ll
(3) + (12)

ABC; (NS,[n]) = 362" —6>(%)*‘ + (g)ﬂ. :
ABC, (NS,[n])=
(50-2" —13)(1)* +2"+1(3)”~ +6-2”(f)*
2 3 9’

Proof. After the observation to the structures
549
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of these three dendrimer stars, we present its edge
dividing below:

o for  NS,J[n] n,=18-2"-12
n,=9-2"+3, n;=1 and n, =3;

e for  NS,[n] n,=24.-2"-8
n,=12-2"+2 and n, =1;

o for  NS,[n] n,=28-2"-6

n,=22-2"-7, n,=6-2" and n,=2""

Hence, with the reference to the definition of
the generalized atom-bond connectivity index, we
obtain the expected result.

Generalized atom-bond connectivity index of
polyomino chains of n-cycles and triangular
benzenoid

In the field of mathematics, a polyomino
system, an edge-connected union of cells, is a
finite 2-connected plane graph where each
interior face (i.e. cell) is encircled by a C,.
More details can be found in Klarner [14] and
Ghorbani and Ghazi [15]. For instance, the
polyomino chains of 8-cycles can be represented
in Figure 2.

Fig. 2. The zig-zag chain of 8-cycles.

Theorem 3. Let G be a molecular graph as
described above. We have

ABC, (G)=(20n+ 4)(%)-1 +(8n— 3)(3)-1 .

Proof. Based on the structure analysis, we infer
n,=12n+4, n,,=8n,and n,=8n-3.

Therefore, considering the definition of the
generalized atom-bond connectivity index, we get
the expected result.

Next, the generalized atom-bond connectivity
index of a triangular benzenoid molecular graph
T(n)is computed and the structure is described
in Figure 3.
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Fig. 3. Molecular graph of a triangular benzenoid
T(n)

Theorem 4. Let T(n) denote a triangular
benzenoid. We get

3n*-3n+12 1

ABC, (T (n))=#(§
Proof. Based on the edge dividing technology,
3n(n-1)
Ny =6, Ny = ———

-a 4.,
) +((‘3ﬂ—6)(§) :

we get , and Ny =

6(n—1). Hence, concerning the definition of the
generalized atom-bond connectivity index, we ob-
tain the result.

Generalized atom-bond connectivity index of
bridge molecular structures

Let’s consider {G}", a set of finite pairwise
disjoint molecular graphs with v, eV (G,). The
bridge molecular graph
B(G,--,Gy) = B(GGyiviyrVy)  of
{G.}", regarding the vertices {v.}',is aquired
from the molecular graphs G,,---, G, where the
vertices v, and Vv, are linked through an edge

for 1=12,---,d-1. As a result, this section
helps to determine the formulas of some degree
based indices for the infinite family of drug
structures of the bridge molecular graph with
G,,---,G, (see Figure 4). Then we define

G,(H,v) = B(H,---,H,v,---,v) for special

situations of the bridge molecular graphs.

We analyze the bridge graphs as follows and
the main parts of the graphs are path, cycle and
complete molecular graph, respectively.
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Vi V Vi Vi
e & a & e
G] Gz Gd.] th

Fig. 4. The bridge molecular graph.

e Let P, be the path with n vertices. We have

dn vertices and dn—1 edges for the bridge
molecular graph G, (P,,v) (see Figure 5 for
more details). Moreover, the edge set of the bridge
graph G, (P,,v) can be categorized into four

parts: n,,=d(n—3)+2, n,=n,,=d, and

11T

Fig. 5. The bridge molecular graph G (

e Let C, be the cycle with n vertices. We get
dn vertices and dn+d —1 edges for the bridge
molecular graph G,(C,,v) (see Figure 6 for
more details). Moreover, the edge set of the bridge
molecular graph G,(C,,v) can be categorized

into five parts: n, = d(n-2) , n, =4,
n,=2d-4, n,=2and n,= d-3.

4 V) Via Vi

G Cs Cs Cs

Fig. 6. The bridge molecular graph G, (C,,V).

e Let K, beacomplete molecular graph with n
vertices.  We  get dn vertices  and

n(n-1
thd —1 edges for the bridge molecular
graph G, (K,,v) (see Figure 7, G,(K;,V) as
an example). Moreover, the edge set of the bridge

molecular graph G, (K,,v) can be categorized
into five partitions: N = Ny, = d-2,

d(n— 1)(n 2)
Ny =Ny =22and Ny py )=

Yayiyi

Fig. 7. The bridge molecular graph G, (K, V).

In view of the definition of the generalized
atom-bond connectivity index, the main result of
this section is obtained and represented below.
The detailed proofs are omitted here.

Theorem 5.
ABC, (G,(R, ) =d(n-1()* + ([d-3)(2)
ABC/l(GO| (Cn,v)):

1 3 5
dn3) " +(d —3))* + 2(2)
n(2) +( )(8) + (12)

_ 8., [N
ABC/I (Gd (Kn ) V)) =(d- 2)(2—5) + 2(2_0)
n+2 )
5(n-1)
2n—4

d(n D(n- 2)( y
3 (n-1)*

+2(£)’1 +(d -2)(

Generalized atom-bond connectivity index of
the carbon tube networks

In this section, we place emphasis on the

mxn quadrilateral section P; with m>2

hexagons on the top and bottom sides and n>2
hexagons on the lateral sides cut from the regular
hexagonal lattice L, refer to Figure 8 to observe
the detailed chemical structure.

oo

] K
)CVC\[ )

Fig. 8 Quadrilateral section P cuts from the
regular hexagonal lattice.
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The tube NAT with 2m(n-+1) vertices and
(3n+2)m edges is obtained by identifying two
lateral sides of P, by identifying the vertices
ul and ul (j=0,1,---,n).

Let nell be even so thatn,m>2. The tube

NC' of order n(2m+1) with size n(3m+%)

can be obtained if we identify the top and bottom
sides of the quadrilateral section P,'in a similarly
n

O and U

way in which the vertices U, :
for i=0,1---,m and vertices vi0 and Vv for
i=0,1---,m are identified. See Baca et al. [16]
for more details.

Theorem 6.

ABC, (NA") :4m(%)-ﬂ +m(3n —2)(3)-1,

ABC,(NC") :3n(%)l +n(3m —g)(g)%

Proof. For tube NA", we derive n,,=4m, and
N, = m(3n—2). For tube NC,

m !

we derive

n,=n, n,=2n, and n33=n(3m—g). Hence,

in accordance with the definition of the for the
generalized atom-bond connectivity index, we ob-
tain the desired result.

Generalized atom-bond connectivity index of
dendrimer stars D,[n]

In this section, an essential chemical structure
D,[n] is analyzed. It describes the n-th growth

of star dendrimer for ¥Yne N U{0}. Refer to

Figure 9 for more details on the structure of this
chemical molecular graph which is quite common
in drug structures.

Based on the analysis in Farahani [17], we

know that E(D,[n]) can be divided into four parts:

n,=3-2",n,=62""-1), n,=12(2""-1),
and n,= 9-2"—6. Hence, we get the conclu-

sion described below for these molecular struc-
tures.

Theorem 7. ABC, (D,[n]) =3-2" (%)‘/1

18(2 —1)(%)-* +(9-2"— 6)(%)-* |
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Fig. 9. The 2-Dimensional of the n-th growth of
star dendrimer Dj,[n].

Generalized atom-bond connectivity index of
two classes of benzenoid series

In this section, we plan to determine the gener-
alized atom-bond connectivity index of two clas-
ses of benzenoid series.

First, the circumcoronene series of benzenoid
H, is concerned. While k=1, 2, 3, the structures

are presented in Figure 10.

v/
‘//‘ \\. ‘\‘>
Yo \ / \ /
() )
/ L N N
—/ { \5'—\/ )
\ f \ /
— Nt
wy
Hi=Ge Hi=C,(C) o
(=benzene) (=coronene) =circumcoronene

Fig. 10. The first, second and third molecular
graphs H,, H, and H, from the circumcoronene
series of benzenoid.

Hence, the family of circumcoronene homolo-
gous series of benzenoid is made up of some cop-
ies of benzene C, on circumference, for more
details of this structure, please refer to Figure 11.
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Fig. 11. The circumcoronene series of benzenoid
H, for k>1.

Theorem 8.
ABC,(H,)= (12k — 6)(%)‘* +(9k* —15k +6)(g)‘)" :

Proof. Consider the circumcoronene series of
benzenoid H, for k>1. It is not hard to check

that |V (H,)| = 6k and |E(H,)| = 9k*-3k .
Moreover, n, = 9k*>-15k+6 ,

n,=12(k-1), and n,,=6. Thus, regarding the
definition of the generalized atom-bond connec-
tivity index, we indicate the result.

Next, the capra-designed planar benzenoid se-
ries Ca, (C;) (the structure can be referred to
Farahani and Vlad [18] for more details) is con-
sidered. By means of the intermediate results pre-
sented in Farahani and Vlad [18], we present the
generalized atom-bond connectivity index of

Ca, (C,) which is stated as follows.
ABC, (Ca, (C,)) =

we deduce

Theorem 9.
63 +9G) +(3T -2 -3(5) "
Proof. Based on the analysis of the molecular
structure of Ca, (C,), we check that the edge set
of Ca,(C;)can be divided into three partitions:
n, = 3+3 , n, = 43 , and
n,=3-7—-2-3-3. Thus, using the definition

of the generalized atom-bond connectivity index,
we infer the desired result.

OTHER CONCLUSIONS

Finally, we present the generalized atom-bond
connectivity index for the chemical structures
discussed in Gao et al. [2].

Theorem 10. Let SP[n]be the Dox-loaded

micelle comprising a PEG-PAsp block copolymer
with a chemically conjugated Dox. We obtain

ABC, (SP[n])=(27n + 4)(%)ﬂ
2 3 4 5
+ON+D)(Z) 7 +n(>) " +16n(=) "t +n(=) ",
©On+D(Z) " +n() (3) " +n()
Theorem 11. Let D,[n]and D,[n]be polyphe-

nylene dendrimers with n stages. We have
ABC, (D,[n]) = (104-2" — 92)(%),1

(362" —35)(3)-1 |
ABC, (D,[]) = (104 -2" —80)(%)*
4 5
+(36-2" -36)(=) * +4(—=)".
( )(9) (12)
Theorem 12. Let S be a benzenoid system with

n vertices, h hexagons and r inlets. We infer
ABC,(S)=

1., 4.,
(n-2h+r+2)(0)* +@h-r-3)) "

Theorem 13. Let PH be phenylene. We deduce
ABC, (PH)=

2h+r +4)(%)ﬂ +(6h—r —6)(%)‘ .

Theorem 14.  Let PAH, be the Polycyclic
Aromatic Hydrocarbons

ABC, (PAH )= 6n(§)‘ O —3n)(g)ﬂ |

CONCLUSIONS

Accompanied by the contentiously emerging
viruses, more and more unnamed diseases are
found in the world at a high speed each year. This
demands the development of more new drugs to
treat them. The generalized atom-bond
connectivity index was introduced to measure the
medicinal properties of new drugs and it is quite
welcome and popular in poor areas. In our paper,
based on the detailed drug structure analysis and
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edge dividing, we defined the generalized
atom-bond connectivity index of certain molecular
graphs which frequently appear in drug structures.
As a result, the conclusions obtained in our paper
show the promising prospects of these applications
in pharmacy engineering.
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OBOBIIEH AHAJIN3 HA CBbP3AHATA ATOMHA BPB3KA C HAKOJIKO MOJIEKYJIHU
I'PAOU

V.Tao, ¥.®. Vaur?, M.K. [lxxamui®, P. ®apyk*, M.P. ®apaxanu®

Y Vuunuwe no ungpopmamuxa u mexnonozus, Yuueepcumem 6 FOnan, Kynumune 650500, Kumaii
2 Jenapmamenm no mamemamuxa, Ynusepcumem 6 Xetioxcane, Jowcunxya 321004, Kumaii
8 Tenapmamenm no mamemamura, Hucmumym no KoMniomspHu u RPULOACHU HayKu ,, Pugha “, Meocoynapoden
yuugepcumem ,, Pugpa *, Jlaxop, Ilaxucman
* Vuunuwe no ecmecmeenu nayku, Hayuonaren ynusepcumem 3a nayka u mexnonozuu, Mcramabao, Hakucmarn
5 llenapmamenm no npunodxicna mamemamuxa, Upancku ynueepcumem 3a nayka u mexuonozuu, Hapmax, Texepan
16844, Upan

[octemuna Ha 15 toHU, 2016 1.; npuera Ha 28 tomu, 2016 T.

(Pestome)

MHoOro TecToBe BBPXY JIeKapcTBa IOKa3BaT

CHUJIHa B3aUMOBpPB3Ka MEKAY ouo -MCOAUIUHCKUTE U

(hapMaKoJIOTHYHUTE MM XapaKTePUCTHKH C TAXHA MOJIEKylIHa cTpykrypa. C 1en Ja ce mogoOpu Bb3MOXKHOCTTAa Ha
U3CIeoBaTeINTe B MEOUIMHATA W (apManusaTa Jia OLUESHIT XapaKTePUCTUKUTE HAa HOBHU JIEKapcTBa € Je(QHHUpPaH
0000111eH MHAEKC Ha CBbp3aHaTa aTOMHA BPH3Ka 3a aHalM3a Ha MOJIEKyJIHaTa CTPYKTypa Ha JiekapcTBara. B rtasm
pabora ce mpeanara 0000IIEH MHAEKC Ha aTOMHHUTE BPB3KM HA HIKOJIKO W3BECTHH CTPYKTYPH, KOUTO Ca TBBPIC

CXOJHHU C MOJICKYJIHHUTE rpa(bn Ha JICKapcTBara.
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