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Magnetohydrodynamic stability of self-gravitating compressible resistive rotating
streaming fluid medium

A.A. Hasan

Basic and Applied Sciences Department, College of Engineering and Technology, Arab Academy for
Science, Technology and Maritime Transport (AASTMT), Sadat road - P.O. Box 11Aswan, Egypt

Received August 27, 2015; Accepted May 2, 2017

Magnetohydrodynamic stability of a gravitational medium with streams of variable velocity distribution for a
general wave propagation in the presence of the rotation forces has been studied. The magnetic field has strong
stabilizing influence but the streaming is a destabilizing. The rotating forces have a stabilizing influence under certain
restrictions. It is proved that the gravitational Jean’s instability criterion is not influenced by the electromagnetic force
or the rotation force or even by the combined effect of them whether the fluid medium is streaming or not and whether

the rotation in one or more dimension.
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INTRODUCTION

The self-gravitational instability of a
homogeneous fluid medium at rest has been
investigated since long time ago, for its practical
application in astrophysics see Jeans [1]. It is
founded that the model is unstable under the
restriction

k2C2- 472G p, < O

called after Jeans by Jeans’ criterion, where K is the
net wave number of the propagated wave, Cé is a

sound speed in the fluid, of density p,, and G is

the self-gravitational constant. Chandrasekhar and
Fermi [2], and later on Chandrasekhar [3] made
several extensions. The Jeans’ model of self-
gravitational medium has been elaborated with
streams of variable velocity distribution by Sengar
[4]. Recently Radwan et. al. [5], developed the
magnetogravitational stability of variable streams
pervaded by the constant magnetic field

(H,, 0, 0). The stability of different cylindrical

models under the action of self-gravitating force in
addition to other forces has been elaborated by
Radwan and Hasan [6], [7]. Hasan [8] has
investigated the stability of an oscillating streaming
fluid cylinder subject to the combined effect of the
capillary, selfgravitating and electrodynamic forces
in all axisymmetric and non-axisymmetric
perturbation modes. He [9] has investigated the
stability of oscillating

streaming self-gravitating dielectric incompressible

* To whom all correspondence should be sent:
E-mail: alfaisal772001@gmail.com

fluid cylinder surrounded by tenuous medium of
negligible motion pervaded by transverse varying
electric field for all the axisymmetric and non-
axisymmetric perturbation modes. He [10] has
studied the instability of a full fluid cylinder
surrounded by self-gravitating tenuous medium
pervaded by transverse varying electric field under
the combined effect of the capillary, self-
gravitating, and electric forces for all the modes of
perturbations. He [11] the magnetodynamic
stability of a fluid jet pervaded by transverse
varying magnetic field while its surrounding
tenuous medium is penetrated by uniform magnetic
field.

Here in the present work we study the
magnetodynamic stability of a self-gravitating
rotating streaming viscous fluid medium pervaded
by general magnetic field. Such studies have a
correlation with the formation of sunspots. Also
they have relevance in describing the condensation
within astronomical bodies cf. Chandrasekhar and
Fermi [2], and also Chandrasekhar [3].

BASIC STATE

We consider an infinite self-gravitating fluid
medium. The fluid is assumed to be homogeneous
and viscous. The model is acting upon the
following forces
(i) the pressure gradient force, (ii) electromagnetic
force, (iii) self-gravitating force, (iv) the forces
due to rotating factors and (v) the forces due to
resistivity.

We shall utilize the cartesian coordinates (x, v,
z) for investigating such problem. The required
equations for the present problem
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Here p, u, and P are the fluid density, velocity
vector and Kinetic pressure, u and H are the
magnetic field permeability and intensity, V and G
are the self-gravitating potential and constant, 7 is

the coefficient of resistivity, Q is the angular
velocity of rotation, K and I are constants where I"
is the polytropic exponent.

We assume that the medium: (i) rotates with the
general uniform angular velocity
0=(2.0,9) (7)
(i) be pervaded by the two dimensions
homogeneous magnetic field
H, =(0H,, Hy.) (8)
and (iii) posses streams moving in the x_direction
with velocity
u,=(U(2),0,0) (©)
varying along the z-direction of the Cartesian
coordinates (x, Y, z).

PERTURBATION ANALYSIS

For small departures from the initial state, every
variable quantity Q may be expressed as
Q=Q,+Q I << Q, (10)
where Q stands for each p,H,P,u andV .
Based on the expansion (10), the perturbation
equations could be obtained from (1)--(6) in the
form:

p{%%go -V)u4+(u4-V)9°]:—VP1+u(VAﬂ1)Aﬂo

+/1(V/\ﬂo)/\ﬂ1+pVV1—2pc(QIAQ) (11)
6%1=VA(Q1/\HO) TV AU AHL) -V ARV AH,) (12)
o
Do, 9) (V) 24 (V) (V0 0 (13)
V-H, =0 (14)
VA, =-4zGp, (15)
R _.dp
R (16)
where Cg | = | is the sound speed in the
Po
fluid.

By the use of the
u, and H,, viz.
u; =(u,v,w) (17)
H,=(h,h,h,) (18)
together with the assumptions (7)--(9), the system
of equations (11)--(16) may be rewritten as

components  of
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EIGENVALUE RELATION

Apply sinusoidal wave along the fluid interface.
Consequently, from the viewpoint of the stability
approaches given by Chandrasekhar [3], we assume
that the space-time dependence of the wave
propagation of the form
Ql~exp[i(kxx+kyy+kzz+at)] (29)
Here o is gyration frequency of the assuming wave.
k,,k, and k, are (any real values) the wave

numbers in the (X, y, z) directions. By an appeal to
the time-space dependence (29), the relevant
perturbation equations (19)-(28) are given by

Ho )b,

+ik gt (Hohy + Hoh, )+ ik, 0V, +20,0 w=-2p,0,v (30)

npv =-ik,C? o —is(k,H,, +k,Hy, )h,

npu+ p,wDU, =-ik,C? p, iz (k H,, +k

]

+ik 1 (Ho h, + Hy,h, ) +ik oV, —20,Q,W+2p,Q,u (31)
np,w=-ik,C? p, =iz (k H,, +k,H,, )h,
+ik,u(Hoh, + Hh, ) +ik, oV, +2p,0 u-2p,Qv (32)
nh, =(H,,K, + HK, Ju+h,DU, +in(~(k? +k2)h, +k kb, +kkh, ) (33)
nh, =i (Hk, +Hyk, )v=iH, (ku+kv+kw)
ik h, = (k2 +K2)h, +K,kh, ) (34)
nh, =i(H,k, +H Kk, Jw=iH,, (ku+ky+kw)
+in(kh, +kkh, - (k2 +k2)h,) (35)
nplz—ipu(kxu+kyv+klw) (36)
ik.h, +ik h, +ik,h, =0 (37)
k%, =-47zGp, (38)
where
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K2 = K2 +K2 +K2 ,D=j—z (39)
n=i(c+kU,) (40)
The foregoing system equations (30)-(38) could
be rewritten in the matrix form
[a,][b,]=0 (41
where the elements [aij ]of the matrix are given in
the appendix | while the elements of the column
matrix [b j } are being
u\v,w,h, ,hy ,h,, p, andV, . One has to mention

here that equation (37) is identically satisfied.
For non-trivial solution of the equations (41),

setting the determinant of the matrix [aij ] equal to

zero (see Appendix 1), we get the general
eigenvalue relation of seven order in n in the form

AN+ AN+ AR°+ AN+ An®+ An’+An+A =0 (42)
where the compound coefficients
A; (i =0,1,2,3,4,5,6,7) are calculated.

DISCUSSIONS AND RESULTS

Equation (42) is a general MHD eigenvalue
relation of a rotating self-gravitating fluid medium
pervaded by magnetic field of two dimensions.
Some previously publishing results may be
obtained as limiting cases here. That confirms the
present analysis.

In absence of the rotating, electromagnetic
forces and for inviscid fluid i.e.

Q=0,H,=0and =0, equation (42) yields

K?n®+k* (k*C2 - 47Gp, )n—k,k, (k’C2 - 47Gp,) DU, =0 (43)
This relation coincides with the dispersion relation,
of a pure self-gravitating fluid medium streams

with variable streams (Uo (z ),0,0) derived by

Sengar [1]. For more details concerning stability of
this case we may refer to Sengar (1981).

If
Q=0,H,=0,7=0and U, =0,
equation (42) reduces to
n? =k*C2 - 42Gp, (44)
This gives the same results given by Jean’s (1902).
For more details concerning the instability of this
case we may refer to the discussions of Jean’s
(1902).

In absence of the magnetic field and we assume
that the fluid medium is stationary i.e.
H,=0,7=0 and U, =0, equation (42) gives

another relation. The purpose of the present part is
to determine the influence of rotation on the Jean’s

criterion (44) of a uniform streaming fluid. So in
order to carry out and to facilate the present

situation we may choose Q =0,H_ =0,
n=0,k, =0and k, =0, equation (42), gives

n' +(42Gp, - CZk? —4Q°)n* + 4072 (C2K? —47Gp, ) =0 (45)
with
Q* =02 +Q? (46)

Equation (45) indicates that there must be two
modes in which a wave can be propagated in the
medium. If the roots of (45) are being n,” and n,?,

then we have

n? +n? =CZk +4Q° -4zGp, (47)
0y n; =403 (Clk! —47Gp, ) (48)
and so we see that both the roots n°, and n?, are
real. The discussions of (45) indicate that if the
Jean’s restriction

C2k? —47Gp, <0 (49)
is valid, then one of the two roots nl2 or nz2 must be
negative and consequently the model will be
unstable. This means that under the Jean’s
restriction (49), the self-gravitating rotating fluid
medium is unstable. This shows that the Jean’s
criterion for a self-gravitating medium is unaffected
by the influence of the uniform rotation.

In order to examine the influence of the
electromagnetic force on the instability of the
present model we use the relation (42) with the
assumptions Q=07=0k,=0and ky =0.

Then, equation (42)

n*+An?+B=0 (50)
with
2p,2
A=47Gp, —C;kffimtkz (52)
P
21,2

B:%"kz(cgkf—4ﬁ6pu) (52)
where

HZ=HZ+H? (53)

Again as in the previous case of rotation, we have
here also two modes of wave propagation, and
therefore, we obtain

n’+n; =Ck’-47Gp, + LK (54)

nZn? = pHGk: (Cik2-44Gp,) (5)

By comparing (47) & (48) with (54) & (55) we may
H’k?

say that 4Q7is replaced by A% Following

[0}
the same analysis of the rotating case we finally
find out that Jean’s self-gravitating instability
restriction of a streaming fluid medium is not
influenced by the effect of the electromagnetic
force.
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In order to determined the combined effect of
the rotation and the electromagnetic force we may
put k, =0and k, =0 for simplicity but
Q and H  are still as they are given in their

general forms given by equations (7) and (8). In
such a case the relation (42) reduces to

n®-En‘+En°-E,=0 (56)
with

o 2uHZK? . 2pH k!
Po Po

1 172
21,2\2 H2k2 )2
E,=4 QY{L'MKIJ —o,| %
Po Po

2,2 2,2 sz2
+ﬂH°sz {4Qf+”H‘”k‘ el +C§k2747szo:|

E =4 +C2k* - 4zGp, (57)

Po Po Po
+(c? 747sz0)[4Q§ +”'Lﬁ} (58)
E, = (“Hpif (Cik*-4xGp,) (59)
where
Q=+ Q2+ Q] (60)

The relation (56) is of sixth order algebraic
equation in n, so there will be three modes for
which the proposing sinusoidal wave may be
propagated in the medium. If we assume that the
oscillation frequencies i.e. the roots of (56) are

n, , N, and n,, then using the theory of equations
we get

n?+n+nl=E (61)

e ng =B

2,22
=[Mj (CiK* - 41Gp,) (62)
P

By the use of equation of multiple roots
n, , N, and n, we see that if Jeans’s criterion (cf.
equation 49) is satisfied then one of the three roots

is negative and consequently the model will be
unstable with respect to one of the three modes.

We conclude that the Jeans’s self-gravitating
restriction of a streaming medium is not affected by
the combined influence of the electromagnetic and
rotational forces.

If G=0,Q=0,H,=0and =0, equation
(42) degenerates to a somewhat complicated
relation. The purpose of the present part is to
determine the effect of the viscosity of fluid. So in
order to carry out and to facilate the present

situation we may choose k, =0and k, =0 so
equation (42), at once, yields

(o+kn) (o°Kk? +koC2) =0 (63)
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Equation (63) indicates that resistivity has a
destabilizing influence under certain restrictions.

CONCLUSION

The gravitational Jeans instability criterion is
not influenced by the electromagnetic force or the
rotation forces or even by the combined effect of
them whether the fluid medium is streaming or not
and whether the rotation in one dimension or more.
The resistivity has destabilizing influence under
certain restrictions.
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Appendix |

The elements
a; (i=12...,8and j=12,..,8) of the

matrix [aij] in equation (41) of the linear algebraic
equations (30)-(38) are being

a, = (npo ) ’

a, = (Zpon )

a, =(p,DU, -2p,Q, )

a, =iu(k,H, +k,H, ),

s = ikX,uHOy ,
a =ik, uH,, ,
a, =ik C?,

a,, = -1 pkK,
a21:(_2p0Qz)'
Ay :(npo)'
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a; =(20,9 ).

a,, =0

8 =ip(2k, H,, +k,H,, ),
Ay =ik, uH,,,

a,, =ik,C?,
&,y =-1pk,

Ay = (—2pon),
8, =(29,Q),
a5 =(Np,).

a, =0

A =1k, uH,

8y =i p1(k, Hy, +2k,H,, ),
a, =ik,C?, a,=-ipKk,
a, =i (k,H,, +k,H, ),
a,, =0,

a,, =0,

a, =—(n+i(kl +k2)),
s =ikk,,

a, = DU, +ikk,,

a,; =0,

a,; =0

ag, =-ik,H_,

a, =1k,H,,,

ag, =—ik,H_,

ag, =1k .k,

a55:—(n+i(kf+kf)),

A = ikykz,
a;; =0,8;3 =0
a, =—1k H,,
ag, =—ik, H,,,
A =—1k H, ,
ag, =I1kK,,
Ags = ikykz,

8, =—(n+i(k?+K7)),

a,;, =0,

A =0

a, =1 pk,
a, =i pk,
az; =1 p.k,
a,, =0

a,, =0

a,, =0

d,; =N
a,,=0

ay, =0

ag, =0
g3 =
agy =
Ags =

ag =0,
8y, = —4nG
Agg =k?
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MATHUTOXUAPOAMHAMMUYHA CTABMJIHOCT HA CAMOI'PABUTHUPAILIA,
CBUBAEMA, PESUCTUBHA, BLPTAILIA CE IIOTOYHA CPEJA

A.A. Xacan

Kameopa "bazosu u npunoscnu nayku", Koaeoic no unocenepcmso u mexnonozuu, Apabcka akademusi 3a HayKa,
mexnonozuu u mopcku mparncnopm (AASTMT), Cadam poyo - I1. K. 11, Acyan, Ecunem

Ilomydena na 27 aBrycr 2015 r .; IIpuera Ha 2 maif 2017 r.
(Pesrome)

W3cnenBana ¢ MarHUTOXHIPOANHAMUYHATA CTAOMITHOCT HA TPABUTAIIIOHHA Cpe/ia ¢ TIOTOLH C MPOMEHIUBO CKOPOCTHO
pasmpezesneHre 3a 00O pa3lpoCTpaHeHNEe Ha BBIHHUTE B MPUCHCTBHE HAa POTAIMOHHM CWIA. MarHUTHOTO TOJe nMa
CHJTHO CTaOWIM3HMpamio BIUSHHE, HO CTPUHMHHIBT € JAecTabmim3upan]. PoTamMoHHWTE CHIM MMaT CTaOWMIN3UPAIIo
BIIMSTHHAE TIPU OIIpEJeNieHH oTpaHWYeHus. Jloka3Ba ce, 4e rpaBUTAMOHHUAT KpUTEpHil 3a HecTaOMIIHOCT Ha Jean He e
MOBIUSIH OT €JIEKTPOMAarHWTHATa CHJIa WM OT BBPTAIIATA CHJIA WIH JOPH OT KOMOMHHPAHOTO BB3ICHCTBHE Ha TOBA
JTAJTA TE€YHATa Cpefia Teue Wi He W Jalld BBPTEHETO € B €HO WJIH [TOBEYE H3MEPCHHUS.
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